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Davidian and Giltinan (1995)
Vonesh and Chinchilli (1997)
Demidenko (2013)

Pinheiro and Bates (2000)
Davidian and Giltinan (2003)
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oooEg

i = u(xiy, B,u5) + € i=1,...,n;;5=1,...,.M (1)
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Stage 1: Individual-level model y;; = m(x}}, ¢;) +€; i=1,...,n;
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Stage 2: Group-level model ¢; = d(x?,,@, u,) j=1....M @)
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()00 () 00000000000000000000000000000000000000000
(Davidian and Giltinan (1995)0 0 00000000000000 »,; 0000000000000000
000000 (plot) 00000;00000000000000000 sufix00000000000000
00000 (I)000000000000000000

Yij = n(xi;, B u5) + €
_ B1 +uyj
L+ exp[—{tij — (B2 + uz;)}/ (B3 + us;)]

DDDDDDDBZ(ﬂhﬂg,ﬂg)l,uj':(ulj,UQj,U3j)/DDDDXijDDDD tw‘DDDDDDDDDDDDD

+ €ij

00000000 2)000000000D0D00000O0O0O

Stage 1: yi; = m(x;;, ¢;) + €ij
P1;
= + 62”
1+ exp{—(tij — ¢2;)/ ¢35}
Stage 2: d)lj = ,81 —+ ulj
P25 = Pa + ugj

¢35 = B3 + us;

000 x =tij, ¢; = (¢, 25, ¢35) = d(xb,8,u;) =B+w; 0000000000000
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00000 [ME]l me (mwp-204) 000000 45000000000000000000000O0
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. use http://www.stata-press.com/data/r16/unicorn.dta *3

(Brain shrinkage of unicorns in the land of Zootopia)
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weight;; = ¢1; + (d2; — ¢1;) exp(—os;time;;) + €5 (4)
$15 = P + uoj
¢25 = P2 (5)
¢35 = B3
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> Example 1: 000 200000
000 @)0000000D000000D000 menl 0000 O0OODOOO

e Statistics > Multilevel mixed-effects models > Nonlinear regression 00 0 0
e Model O O: Estimation method: Maximum likelihood (ML) DO O OO OO
Dependent variable: weight
Nonlinear expression: {b1}+{U0[id] }+({b2}-{b1}-{U0[id]})*exp(-{b3}*time)

B menl - Nonlinear mixed-effects regression

Model  iffin Residuzls Timeseries Reporting EM options  Maximization

Estimation methoed
(@) Mawimum likelihood (ML) () Restricted maximum likelihood (REML)
Dependent vanable: Maonlinear expression:
weight L (b1} +{LM00id]}+({b2}-{b1}-{U0(id]}) "exp(-{b3}"ti r| Create...
Options
Define functions of model paramr:*tr:ts.;
Create...
Edit
Disable
Enable
Press “Create” to define a function
Random-effects covariance structure:
Create...
Edit
Disable
Enable

Press “Create” to specify a covanance structure

Initial values

7| IC| [ Cancel Submit

01 menlOO0O000 - Model OO
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.BmenlBweightB=R{b1}+{U0[id]}+({b2}e{b1}E{UB[id]})*exp(B{b3}*time)
ObtainingBstartingllvaluesBbyREM:

AlternatingBPNLS/LMERalgorithm:
Iteration@l:BEEER1inearizationflogllikelihoodB= E56.9757597
ComputingBlstandard®errors:

MixedBeffectsEMLEnonlinearfregressionREEREERERENUumberBofEobsERERR= G
GroupBvariable: id

FEEREEE R R R R R R R R AR R R R R R EREREROb sEpe rEgroup :

] 2 2 2 3 3 3 3 3 2 3 3 3 2 2 3 3 3 2 3 3 a2 3 3 3 3 M [ O
] 0 E2 E2 2 2 2 2 a0 E 2 2 2 2 2 2] a0 E2 2 2 2 2 2] E2 E2 2 2 2 22 [ B2 B2 E3 E3 3 3 A = A VA 4
3 B2 F | 3 B2 F 3 2 F [ F 2 a2 [ a2 2 2l ol [ = D i [ [ A

Linearization®@logflikelihoodBE= BER56.97576

EEEREEweight |EREEERCOoef.EREStd.BErr. ERRERRZERREP > | z | BERER[ 95%EConf . BInterval ]

EEREEERERER/bl |BER4.707954ERE. 1414511FFRR33 . 28EFR0 . 000RERRR4 . 43071 5EFRR4 . 985193
EIEIES . 0894 3 2RRE . 026084 510! 8.0383070RRERS . 140556
EEEE4 . 13201EER . 069754 7EEERSS . 24EEE0 . 000EEEERER3 . 9952934 . 268726

=
w
ey
(]
[y
N
=
=
=
)
(o]
(]
(]
=

BERandomRleffectsEParameters |BREREEstimatel@REEStd.RErr.RERRERER[95%EConf.BInterval]

id:BIdentity
FRRREREERERRERERREEERvar (U) |ERR1. 189809RRE . 218005 8ERRERE . 8308328RRERL . 703887

EEERERERRERRERERVar (Residual) |ERR.0439199CRER . 002314 8RERERE . 0396095ERER . 0486995

ooooon

1. {volid]1} 000000000 0O0ODOOD id0D0DO000ODO0D0O0OO0DOO0O0DODO0O0OOOOO 200
gbooooooobooboboooon
2. 000 3000000000000O
Da000000000000 EMUOODOOOOOOO0O0O0OOO00O0O0O0O0O0O0O0O0ODOOOOemlog
gopoooooo0oO0OoooOdOoDoO00obOOoO00obooOoONLMEOODDOODOOODOOO
000 (global maximum) 0000000 (local maximum) 000000000000 000OO
gobooooooOooooOoO0DoOoOoDboOoOoDbOoOooooog good™
0 b0 Lindstrom-Bates 0 000 0000000000000 O000O0OODOD“000”0000000
goobobobooboooooooobooboboboboboooooooboboboboboo
gooboboboooobooboobobobobooobogo
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O cO “Computing standard errors’0 0 0000000000000 OC0ODOOOOOOOOOOOO
gooooboobooboboboooobobobooboobobobobobooboobo
nostderr 000 0000000000000 0OO00O0O0OO00ODOOOO0DODOOOODODOOO

. “Mixed-effects ML nonlinear regression”0 0000000000000 0O0O0O0O0O0OOOOOOO

O0OO00O0O0OO0OO0OOREMLOOOOOOOO0 rem1 0000000000000 0O0OOOODODOO

ooooo

.0o0dbbdmixed00O0D0DOOD0DO0ODOO0ODOO0ODOODODOODDODODODDOODODOODOOO

0000000000000 (joint significance) 0000000000000 O0O0ODOOOODOOO

gobgoobogobbooboo XQDDDDDDDDDDDDDDDDDDD mixed O ODOOO

. 0000000000000 0o000n pr=471,6,=28.09,0;=413000000000000

0000000000000 0000000 000000000000 z00000D0DDODDDOO

g0ooobO0oOoboo0obO0oobOoOoobOOobO0oob0 oUOobUUObDUOUObObOUObODbOUObDOUODOO

0000000000000 000000000000000000000 testJO00O0OO [R] test

(mwp-180) 0D D DO0O0O0DDDOOOODOOOOOO

.20000000000000 (variance components) 0000000000000 0O0OOOOO

U0 id: IdentityUOUOOO0OO0ODOOOO0OO0ODOOCOOO0OO0OO0OO0O0OO0 iabOob0O0O0O0OO0O0OO0DOO

000000000 ¥X00000 (identity matrix) —O00000000000O000OOO0 —O

0000oooO00ooo0O00oo0o0ooo00oooooooO0 10D000o0oO0o0ooooOo0BDoOon

go00000oO0o0O0oO0oOoO0oOoDOoOOOoOOOODOOvar(UO)DDODOODOODOOOOO ailjlj[]

ooo000o00oooo0O0000ooo0O0000ooD 11900000000 02200000000

oooo

.var(Residuval) O0ODOO0O0OO0OO0OO0O0O0ODODOOOOOO @(eij):8?:0.044DDDDDD

gogod
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5. 000ogogd
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> Example 6: 00000
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> Example 7: 0000000000
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> Example 8: Subject 00 0O 0O
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8. REMLODOO
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01000000000 DODOd
> Example 15: OO0 0000000
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> Example 20: 300000
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> Example 21: AR(1) DO OO
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> Example 22: group() DO 0O 00O
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